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LINEAR DATA FOR FRAMED SHEAVES VIA EXCEPTIONAL SEQUENCES
ANDREA MAIORANA
Abstract. Let X be a smooth projective surface with a full strong exceptional sequence E.
Under certain conditions, we describe the moduli spaces of framed sheaves on a line in X via
linear data, i.e. by realizing them as principal bundles over a stack of representations of the
bound quiver associated to E.
1. Introduction
1.1. Background. In the whole paper, X will denote a smooth projective irreducible complex
surface and C0 ⊂ X a smooth curve.
We are interested in studying moduli spaces of framed sheaves on (X,C0), that is couples (E , φ)
consisting of a torsion-free sheaf E on X and a framing, an isomorphism φ : E↾C0 → V to a fixed
vector bundle on C0 which in this paper will always be the trivial bundle. We denote by M
fr
X,C0
(v)
the moduli space of framed sheaves whose numerical invariants v ∈ Knum(X) (i.e. rank and Chern
classes) are fixed, which was shown in [HL95, BM11] to exist as a quasi-projective scheme under
mild conditions on C0. These moduli spaces often provide desingularizations of spaces of ideal
instantons, which makes them interesting for applications in topological field theories. Moreover,
they reduce as special cases to Hilbert schemes of points on the open variety X \ C0.
In this paper we are concerned with the approach via linear data, or ADHM data, to the con-
struction of MfrX,C0(v), which essentially consists, for suitable choices of X and C0, in representing
it as a space of matrices (in fact, of representations of a quiver) up to the action of a linear algebraic
group. This method, originally developed for X = P2 in [Don84, Nak99], has been later carried out
in [Kin89, Hen14, BBR15] to describe moduli of framed sheaves on blow-ups of P2 and Hirzebruch
surfaces Σe, e > 0. In each case the strategy was the following:
(1) First, one shows that each torsion-free sheaf E trivial on C0 satisfies some cohomological
vanishings, which imply that a certain generalized Beilinson spectral sequence degenerates,
giving a quasi-isomorphism between E and a complexM−1 →M0 →M1 of vector bundles
(called a monad), where each M i only depends on the numerical invariants of E .
(2) By using standard techniques on monads (see e.g. [OSS80, §2.3-2.4]) isomorphism classes
of such sheaves are identified with isomorphism classes of their monads, and hence with
the points of a certain subvariety V ⊂ Hom(M−1,M0)×Hom(M0,M1) up to the action of
G :=
∏
iAut(M
i); typically these Hom-spaces are simple enough that V can be naturally
seen as a variety of linear maps between vector spaces. After including the framings in the
data, MfrX,C0(v) is realized as a free quotient V˜ /G.
1.2. Outline and main results of the paper. The goal of this paper is to reconsider this
strategy from a deeper viewpoint that allows to construct the linear data description systematically,
instead of focusing on a case-by-case analysis. This is suggested by the observation that the linear
data that one gets can sometimes be seen as representations of the bound quiver (Q, J) determined
by a strong exceptional sequence E inDb(X), and the existence of the generalized Beilinson spectral
sequence mentioned before is a consequence of a derived equivalence Db(X) ≃ Db(Q; J) induced
by E. This approach was also used in [Mai17] to describe moduli spaces of Gieseker-semistable
sheaves.
After reviewing the basics of moduli spaces of framed sheaves in §2.1, we proceed as follows:
first, in §2.2 we introduce an auxiliary algebraic stack MtX,C0(v) which parameterizes torsion-free
sheaves that are trivial on C0 (which now on is assumed to be isomorphic to P
1) and we show that
the morphism MfrX,C0(v)→M
t
X,C0
(v) forgetting the framing is a principal GL(rk v,C)-bundle over
it (principal bundles over stacks are discussed in Appendix A).
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At this point we focus on describing MtX,C0(v) using the above-mentioned equivalence Ψ :
Db(X) ≃ Db(Q; J) (this machinery is briefly reviewed in §3.1): in particular, we can use the stack
MQ,J(d
v) of representations of (Q, J) of fixed dimension vector dv (corresponding to the class v
via Ψ). Recall that this stack is a quotient [Xdv,J/Gdv ] of an affine scheme Xdv,J parameterizing
dv-dimensional representations of (Q, J) by the natural action of the symmetry group Gdv , which
is a product of general linear groups.
Our goal of “describing MfrX,C0(v) via linear data” will now consist in embedding M
t
X,C0
(v) as
an open substack [Uv/Gdv ] ⊂ MQ,J(d
v). This implies that MfrX,C0(v) inherits its local geometric
properties from those of the better understood MQ,J (d
v). To show that this embedding exists
(which, in the framework of the previous subsection, corresponds to showing the degeneration of
the generalized Beilinson spectral sequence) we need some general cohomological vanishings for
torsion-free sheaves trivial on the line C0, which are proven in Prop. 3.2. Putting all together, we
can summarize the main results as follows:
Theorem 1.1. Suppose that Db(X) has a full strong exceptional sequence
E = (OX(Dn), ...,OX(D1),OX(D0)) ,
consisting of line bundles. Let C0 ⊂ X be big, nef and isomorphic to P
1, and assume that there
exists a line bundle L ∈ PicX such that c1(L) · C0 = 1. Suppose further that for any i = 0, ..., n
we have
0 < Di · C0 < −KX · C0 ,
where KX is the canonical divisor on X. Then:
(1) MtX,C0(v) is isomorphic to an open substack [Uv/Gdv ] ⊂ [Xdv,J/Gdv ] = MQ,J (d
v);
(2) MfrX,C0(v) is smooth and it is a free quotient Pv/Gdv , where Pv is a principal GL(rk v,C)-
bundle over Uv carrying a lift of the action Gdv y Xdv,J .
Many rational surfaces possess strong exceptional sequences of line bundles. Using this fact, in
§4 we will apply the Theorem to concrete cases, obtaining examples of constructions of linear data
for of MfrX,C0(v). At this point, this is reduced to checking that X and C0 satisfy the hypotheses
of the Theorem, and to computing (Q, J) and dv.
1.3. Notation and conventions on sheaves and quiver representations.
1.3.1. Schemes and stacks. All schemes and algebraic stacks are understood to be locally of finite
type over C. A “point” s ∈ S in a scheme S is always a closed point.
1.3.2. Coherent sheaves. CohOT denotes the abelian category of coherent sheaves on a scheme T
and Db(T ) is its bounded derived category.
X will be a smooth projective irreducible complex surface; its tangent and cotangent bundles are
denoted τX and ΩX , and KX is the canonical divisor. Knum(X) is the numerical Grothendieck
group of CohOX , and given a class v ∈ Knum(X), we denote by MX(v) the algebraic C-stack of
coherent sheaves on X : its objects are flat families F ∈ CohOX×S over a scheme S and for any
point s ∈ S we write Fs := ι
∗
sF , where ιs : X → X × S is the embedding x 7→ (x, s).
1.3.3. Quiver representations. Q will always denote an oriented quiver, with vertices labelled by
I = {0, ..., n}, CQ its complex path algebra, J ⊂ CQ an ideal of relations (i.e. one generated by
paths of lenght ≥ 2). RepfdC (Q; J) is the abelian category of finite-dimensional complex represen-
tations of Q, bound by the relations J , and Db(Q; J) is its bounded derived category. Given a
dimension vector d ∈ NI , the affine space Rd := ⊕i→j HomC(C
di ,Cdj ) parameterizes d-dimensional
representations of Q, and the relations J define a closed subscheme Xd,J ⊂ Rd. The group
Gd :=
∏
i∈I GL(C, di) acts on Rd by simultaneous conjugation, and preserves Xd,J . The orbits of
this action correspond to isomorphism classes of d-dimensional representations.
Finally, if S is a scheme, we denote by Coh
(Q,J)
OS
the abelian category of coherent OS-modules
with a left action of CQ/J . Recall that a flat family over S of representations of (Q, J) is defined
as a locally free V ∈ Coh
(Q,J)
OS
. Flat families of representations of fixed dimension vector d ∈ NI
make an algebraic C-stack MQ,J(v) isomorphic to the quotient [Xd,J/Gd].
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2. Moduli of framed sheaves
2.1. Framed sheaves and their moduli. Fix a curve C0 ⊂ X .
Definition 2.1. A framed sheaf is a pair (E , φ) consisting of a coherent torsion-free sheaf E on X
and an isomorphism φ : E↾C0 → O
⊕ rk E
C0
, called a framing.
More generally people consider sheaves with an isomorphism φ to a fixed vector bundle V on
C0, but in this paper we will only stick to the case in which V is trivial.
Definition 2.2. A morphism between two framed sheaves (E , φ) and (E ′, φ′) is a morphism ξ :
E → E ′ such that φ′ ◦ ξ↾C0 = φ.
1
Remark 2.3. Let (E , φ) be a framed sheaf. Since E is torsion-free, its singular locus (i.e. where its
stalks are not free modules, or equivalently where its fibers have dimension equal to rk E) consists
of finitely many points, disjoint from C0. This implies in particular that:
(1) E∨ and E∨∨ are also trivial on C0;
(2) c1(E) · C0 = 0.
Definition 2.4. Fix a class v ∈ Knum(X), and let r := rk v. A flat family of framed sheaves of
class v over a scheme S is a couple (F , φ), where F ∈ CohOX×S is S-flat, each Fs is a torsion-free
sheaf of class v and φ : F↾C0×S → O
⊕r
C0×S
is an isomorphism. An isomorphism between flat families
(F , φ) and (F ′, φ′) is an isomorphism ξ : F → F ′ such that φ′ ◦ ξ = ξ, and the pullback of (F , φ)
along a morphism f : S′ → S is obtained in the obvious way (and as usual we will write f∗F in
place of (IdX ×f)
∗F). Such flat families form a stack, which we denote by MfrX,C0(v).
Using the more general theory of framed modules developed in [HL95], Bruzzo and Markushevich
proved:
Theorem 2.5. [BM11, Cor. 3.3] If C0 is a smooth, irreducible, big and nef curve, then M
fr
X,C0
(v)
is representable by a quasi-projective scheme MfrX,C0(v).
2.2. Description ofMfrX,C0(v) via framable sheaves. Now on we will focus on the case in which
C0 ≃ P
1. We fix v ∈ Knum(X) and denote r := rk v.
In this subsection, we will describe the stack MfrX,C0(v) of framed sheaves via another stack,
parameterizing sheaves which are trivial on C0, but without the choice of a framing φ:
Definition 2.6. The moduli stackMtX,C0(v) is the substack ofMX(v) whose objects over a scheme
S are S-flat sheaves F ∈ CohOX×S such that, for all s ∈ S, Fs is a torsion-free sheaf of class v,
whose restriction Fs↾C0 is trivial. We will call this the stack of framable sheaves.
Remark 2.7. Notice that if F ∈ CohOX×S is a flat family of framable sheaves, then the restriction
F↾C0×S is a locally free sheaf which is not necessarily trivial. Thus we cannot obtain a family of
framed sheaves simply adding to F the choice of a framing. However, we will see in a while that
it is still possible to construct canonically a family of framed sheaves out of F .
Lemma 2.8. MtX,C0(v) ⊂MX(v) is an open substack.
In particular (see e.g. [LMB00, Prop. 4.5 and Thm. 4.6.2.1]) this tells us that MtX,C0(v) is an
algebraic C-stack locally of finite type, because so is MX(v).
Proof. Being torsion-free is an open condition by [Mar76, Prop. 2.1]; being locally free on C0 (which
is equivalent to being locally free in some open neighbourhood of C0) is also an open condition.
So without loss of generality we can take an S-flat family F ∈ CohOX×S (of torsion-free sheaves)
which is locally free on C0 × S, i.e. which restricts to an S-flat family F˜ of vector bundles on P
1.
Now we claim that the set
U := {s ∈ S | F˜s is trivial}
1Notice that a slightly different definition is also common: some people only require ξ to satisfy φ′ ◦ ξ↾C0 = λφ
for some λ ∈ C. This allows homoteties to be automorphisms of a framed sheaves, while under some conditions our
definition forces the automorphism group of (E, φ) o be trivial (see also Remark 3.3). Hence with our choice the
stack Mfr
X,C0
(v) (and not just its moduli functor) is representable.
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is open: indeed, if this set is nonempty, then all the vector bundles of the family have degree
c1(v) ·C0 = 0, and for a degree zero vector bundle E on P
1 being trivial is equivalent to satisfying
h0(P1, E(−1)) = 0. So U is open by the semicontinuity theorem. 
Now we explain the relation between MtX,C0(v) and M
fr
X,C0
(v): we have a morphism
MfrX,C0(v)→M
t
X,C0
(v)
forgetting the framing, whose fiber over a point [E ] consists of all the possible framings φ ∈
Hom(E↾C0 ,O
⊕r
X ) ≃ GL(r,C). In the remainder of this subsection we will use the formalism dis-
cussed in the Appendix to argue that, as the intuition suggests, this morphism is a principal
GL(r,C)-bundle.
This fact is due to the following construction (which was essentially carried out in a special case
in [BBR15, §4.2]): given a scheme S and family F ∈ MtX,C0(v) over S, we are going to build a
principal GL(r,C)-bundle p : PF → S and make the pullback p
∗F naturally into a family of framed
sheaves. As already observed, the restriction F↾C0×S is a (not necessarily trivial) vector bundle,
trivial on each fiber of the projection prS onto S. Consider its pushforward
VF := (prS)∗F↾C0×S .
Remark 2.9. For any s ∈ S, h0(C0;Fs↾C0) = r and h
i(C0;Fs↾C0) = 0 for i 6= 0. Hence, by
cohomology and base change we see that (having used, in particular, [Gro63, Cor. 7.9.9]):
(1) VF is a vector bundle on S, whose fiber over a point s ∈ S is the space H
0(C0;Fs↾C0) ≃ C
r;
(2) the formation of VF commutes with base change: given a morphism f : S
′ → S, we have
Vf∗F ∼= f
∗VF .
Now denote by
p : PF → S
the frame bundle of VF : this is a principal GL(r,C)-bundle whose fiber over s ∈ S is the set
Iso(Cr, H0(C0;Fs↾C0))
∼= Iso(O⊕rC0 ,Fs↾C0).
The reason we are interested in this principal bundle is that its sections describe framings of
the family F :
Lemma 2.10. PF (or VF ) is trivial if and only if F↾C0×S is trivial. In this case, global sections of
p are identified with framings F↾C0×S → O
⊕r
C0×S
via the canonical isomorphism Hom(O⊕rS ,VF)
∼=
Hom(O⊕rC0×S ,F↾C0×S).
Proof. Since prS is projective and has connected fibers, we have (prS)∗O
⊕r
C0×S
≃ O⊕rS . Conversely,
if VF is trivial, then we can take r linearly independent sections (which are the same as a global
section of PF ): by triviality of F↾C0×S on the fibers of prS , these give r pointwise independent
sections of F↾C0×S , i.e. the inverse map of a framing F↾C0×S → O
⊕r
C0×S
. 
Now, for each family F ∈MtX,C0(v) over a scheme S we have constructed in a canonical way a
principal GL(r,C)-bundle PF → S. Moreover, Remark 2.9 says that this construction is compatible
with pullbacks, so we have realized a functor
Φ : MtX,C0(v) −→ BGL(r,C) ,
i.e. a principal GL(r,C)-bundle on MtX,C0(v) (Def. A.1). Now, we can identify the total space P
of Φ (Def. A.3) with the stack MfrX,C0(v): by definition, an object of P over a scheme S consists of
a family F ∈MtX,C0(v) over S together with a section of the bundle p : PF → S. By Lemma 2.10,
such a section corresponds to a framing φ : F
≃
→ O⊕rC0×S . Clearly this correspondence is functorial
and compatible with pulling back families, and thus we have deduced:
Proposition 2.11. Φ is a principal GL(r,C)-bundle, whose total space is identified with the for-
getful morphism MfrX,C0(v) → M
t
X,C0
(v). In particular, MfrX,C0(v) is an algebraic K-stack locally
of finite type.
Concretely, this means that a family F ∈MtX,C0(v) over a scheme S induces a family of framed
sheaves by pulling back along the forgetful morphism: if αF : S → M
t
X,C0
(v) is the morphism
corresponding to F , then we have a fiber product (see Lemma A.5)
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PF M
fr
X,C0
(v)
S MtX,C0(v)
p
p
αF
.
This gives in particular a morphism PF → M
fr
X,C0
(v), i.e. a family of framed sheaves over PF . A
simple inspection of the diagram above shows that this family is (up to isomorphism) the couple
(p∗F , φ), where φ : p∗F↾C0×PF → OC0×PF is the framing which corresponds via Lemma 2.10 to
the tautological section of p∗PF ≃ Pp∗F .
3. Linear data for framable sheaves
In this section C0 ⊂ X will denote a curve isomorphic to P
1. The goal is to describe the stack
MtX,C0(v) via linear data, by embedding it as an open substack of the stack of representations of
a quiver with relations.
3.1. Exceptional sequences and quiver moduli. Here we will assume that Db(X) admits a
full strong exceptional sequence E = (En, ..., E0), which (for simplicity) consists of vector bundles.
Recall that by definition this means that the bundles E0, ..., En generate the whole D
b(X) and we
have
HomDb(X)(Ei, Ej [ℓ]) = 0
for all i < j and all ℓ ∈ Z, and also for all i, j and ℓ 6= 0.
In this subsection we will gather a few known facts on how the sequence E allows to identify
certain “flat families” of objects in Db(X) with flat families of representations of a bound quiver,
and then we will discuss how this is relevant to our goal of describing the stack MtX,C0(v). Some
references for the following material are [TU10, §3], [BCZ17, §7.3], [Mai18, §2.2.2, §4.2.4].
(1) E defines a so-called tilting bundle T := ⊕iEi whose endomorphism algebra End(T ) is
basic, which means that we can write
End(T )op ≃ End(T∨) ≃ CQ/J ,
where Q is an ordered quiver with vertices labelled by I := {0, ..., n} and J ⊂ CQ is an
ideal of relations, such that the paths between the ith and jth vertices modulo the relations
are indexed by a basis of Hom(Ej , Ei):
Hom(Ej , Ei) ≃ ej (KQ/J) ei .
(2) We have a triangulated equivalence
Ψ = RHomDb(X)(T, ·)[1] : D
b(X) −→ Db(Q; J)
(the shift [1] has been inserted for future convenience), sending an object E ∈ Db(X) to a
complex of representations given, at the ith vertex, by the graded vector space
(3.1) RHom(Ei, E)[1] .
(3) The inverse image of RepfdC (Q, J) under Ψ is the heart of a bounded t-structure in D
b(X),
which we denote by
K ⊂ Db(X) .
If we denote by E∗ = (E∗0 , ..., E
∗
n) the right dual sequence to E, i.e. the full exceptional
sequence uniquely determined by the relations
HomDb(X)(Ei, E
∗
j [ℓ]) =
{
C if j = i and ℓ = 0 ,
0 otherwise
,
then K coincides with the extension-closure of the objects E∗i [−1] for i = 0, ...n. Notice
also that if E∗i [−ki] is a sheaf for all i and some ki ∈ Z, then for all E ∈ D
b(X) we have a
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generalized Beilinson spectral sequence2
(3.2) Ep,q1 = HomDb(X)(Ep+n, E [p+ q + kp + n])⊗ E
∗
p [−kp]⇒ H
p+q(E)
mentioned in §1.1.
(4) Given the heart A ⊂ Db(X) of a bounded t-structure, we call flat family of objects in A
parameterized by a scheme S an object F ∈ Db(X ×S) such that for all s ∈ S the derived
pullback Fs := Lι
∗
sF ∈ D
−(X) along the embedding ιs : x 7→ (x, s) is an object of A.
According to this definition, a flat family of objects in the standard heart C = CohOX is
the same (i.e. it is quasi-isomorphic to) as a flat family of coherent sheaves in the usual
sense.
(5) A similar argument can be done for the heart K: for any scheme S we have an equivalence
(3.3) ΨS : D
b(X × S) −→ Db(Coh
(Q,J)
OS
)
(recall the notation introduced in 1.3) compatible with pullbacks, and reducing to the
equivalence Ψ when S is a point; under ΨS , flat families of objects in K correspond to
flat families of representations, i.e. locally free sheaves in Coh
(Q,J)
OS
. In this sense, given a
class v ∈ Knum(X) ∼= K0(X) and denoted by d
v ∈ NI the corresponding dimension vector
under Ψ, that is
(3.4) dvi = −χ(Ei, v) ,
we can identify MQ,J (d
v) = [Xdv,J/Gdv ] as the stack parameterizing the objects of class
v in K.
Now we are interested in the objects lying in the intersection C ∩K: these are coherent sheaves
on X parameterized by points of the “easier” stack MQ,J (d
v). First of all, we observe that these
objects form an open substack of both MX(v) and MQ,J (d
v), because of the following Lemma:
Lemma 3.1. Let the heart A ⊂ Db(X) be either C or K. Then for all F ∈ Db(X × S) the set
{s ∈ S | Fs ∈ A} is open.
Proof. This follows immediately from [Tod08, Rmk 3.11], after checking that both the hearts C
and K have the so-called generic flatness property: for C this reduces to the well-known fact that
for any F ∈ CohOX×S there is an open nonempty set U ⊂ S such that F↾U is U -flat. For K, the
explanation is completely analogous: the equivalence (3.3) induces a heart KS ⊂ D
b(X × S), and
an object F ∈ KS maps to a sheaf in Coh
(Q,J)
OS
, which is locally free when restricted to an open
nonempty subset U ⊂ S; by what we said after Eq. (3.3), this means that F↾U is a flat family of
objects of F . 
Summing up, the moduli stacks MX(v) and MQ,J(v), parameterizing flat families of objects in
C and K respectively, have a common open substack consisting of families of objects lying in the
intersection C ∩ K. In particular, we have thus an open substack M′ ⊂ MtX,C0(v) parameterizing
framable sheaves which also belong to K, i.e. those to which the description by linear data applies.
Our last problem will be to show that, under certain conditions, every framable sheaf belongs
to K, so that M′ = MtX,C0(v) and the description by linear data is complete.
3.2. Cohomology vanishings for framed sheaves on a movable line. To achieve the goal
stated at the end of the previous subsection we need a vanishing result for the cohomologies of
torsion-free sheaves which are trivial on the curve C0:
Proposition 3.2. Let C0 ⊂ X be isomorphic to P
1, and assume that the linear system |C0| has
positive dimension, and that there exists have a line bundle L ∈ PicX such that c1(L) · C0 = 1.
Let E be a torsion-free sheaf whose restriction E↾C0 is trivial. Then, for any divisor D ∈ Div(X)
we have:
(3.5)
H0(X ; E(D)) = 0 if D · C0 < 0 ,
H2(X ; E(D)) = 0 if (D −KX) · C0 > 0 ,
2For example, if X = P2 and E = (O(1), τP2 ,O(2)), then E
∗ = (OP2 (−1)[2],OP2 [1],OP2 (1)) and this reduces to
the usual Beilinson spectral sequence
E
p,q
1
= Hq(E ⊗Ωp(−p− 1))⊗O(p + 1)⇒ Hp+q(E) .
Notice also that this does not require that E be strong or consisting of vector bundles.
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where KX denotes the canonical divisor of X.
Proof. First of all, we have an exact sequence 0 → E → E∨∨ → Q → 0 with E∨∨ locally free and
Q supported on points. The long exact sequence in cohomology gives thus injections Hℓ(X ; E) →֒
Hℓ(X ; E∨∨) for ℓ = 0, 2. Hence we may assume now on that E is locally free.
Denote by d := |C0| the linear system of C0 and by ds ⊂ d the smooth locus. By the genus
formula, all the divisors in ds are isomorphic to P
1.
Now let dt ⊂ ds consist of those curves C such that E↾C is trivial. We claim that this is an open
subset: indeed, d determines a family Z ⊂ X × ds of lines in X , flat over ds; we can thus apply the
semicontinuity theorem to the bundle pr∗X(E ⊗ L) to conclude that the set
dt = {C ∈ ds | E↾C ≃ O
⊕r
C } = {C ∈ ds | h
0(C; E↾C(−1)) = 0} = {C ∈ ds | h
0(ZC ; pr
∗
X(E⊗L)) = 0}
is open in d, having used the fact that a degree-zero bundle V on P1 is trivial if and only if
h0(P1;V(−1)) = 0.
Then it is not hard to see that the union of the lines in dt is a dense subset U ⊂ X (because
the set Ω ⊂ d∨ of hyperlanes in d intersecting ds is open, and U contains its counterimage under
the rational map X 99K d∨ determined by d).
Now take s ∈ H0(X ; E(D)) and consider, for all C ∈ dt its restriction s↾C ∈ H
0(C; E(D)↾C) ≃
H0(P1;OP1(C0 ·D)). The last vector space vanishes if C0 ·D < 0, so s vanishes on U , and hence
everywhere.
The second vanishing is obtained by Serre duality. 
Remark 3.3. Prop. 3.2 has some useful immediate consequences:
(1) If C20 > 0, thenH
0(X ; E(−C0)) = 0; this fact can be used (see [BBR15, Lemma 5.2]) to con-
clude that for any E ,F ∈ MtX,C0(v), the restriction map Hom(E ,F) → Hom(E↾C0 ,F↾C0)
is injective, and this implies in particular that any framed sheaf (E , φ) has trivial automor-
phism group.
(2) For any torsion-free sheaf E we have a surjection H2(X ; E∨ ⊗ E) → Ext2(E , E), and the
first vector space vanishes by the Proposition if E is trivial on C0 and C0 ·KX < 0. Hence
we deduce that the stack MtX,C0(v) (and hence M
fr
X,C0
(v)) is smooth if C0 ·KX < 0.
Now let us apply the vanishing result to the setting of the previous subsection: we assume again
that X possesses a full strong exceptional sequence E, which now will consists of line bundles, say
E = (OX(Dn), ...,OX(D0))
Again, we consider the equivalence Ψ : Db(X)→ Db(Q; J) and the heart K ⊂ Db(X) induced by
E. By looking at explicit form (3.1) of the equivalence Ψ, a sheaf E belongs to K if and only if it
satisfies some cohomological vanishings, namely
(3.6) Hℓ(X ; E(−Di)) = 0 for ℓ = 0, 2 , i = 0, ..., n .
So these are the vanishings that we need to conclude, as discussed in the previous subsection, that
the whole MtX,C0(v) embeds in MQ,J(v) as an open substack. Hence Proposition 3.2 immediately
gives:
Corollary 3.4. Let C0 ⊂ X be isomorphic to P
1, and assume that the linear system |C0| has
positive dimension, and that there exists have a line bundle L ∈ PicX such that c1(L) · C0 = 1.
Suppose further that for any i = 0, ..., n we have
0 < Di · C0 < −KX · C0 .
Then any torsion-free sheaf on X which is trivial on C0 belongs to the heart K. In other words,
the equivalence Ψ embeds MtX,C0(v) as an open substack [Uv/Gdv ] ⊂MQ,J (d
v).
At this point we can easily end the proof of Theorem 1.1: by Prop. 2.11 MfrX,C0(v) is a principal
GL(r,C)-bundle over MtX,C0(v) ≃ [Uv/Gdv ], and thus, as explained at the end of Appendix A, it
is isomorphic to a quotient stack [Pv/Gdv ], where Pv → Uv is a principal GL(r,C)-bundle with a
lift of the action of Gdv . This stack is smooth because Remark 3.3 applies under the hypotheses
of the Theorem, and the fact that it is represented by a scheme MfrX,C0(v) means that we have a
principal Gdv -bundle Pv → M
fr
X,C0
(v).
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4. Examples
First of all we recall from [HP11, Thm 5.9] that if X is P2, a Hirzebruch surface, or it is obtained
from a Hirzebruch surface by blowing-up twice (possibly many points each time), then it has a full
strong exceptional sequence made of line bundles.
In this section we study some examples of surfaces X with a line C0 and a collection E satisfying
all the hypotheses of Theorem 1.1 (o slight modifications of it), and we compute the data (Q, J) and
dv which describe MtX,C0(v) according to the same Theorem. We consider the following examples:
sheaves on P2 framed on a line (recovering the well-known description of [Nak99]) and sheaves on
P1 × P1 framed on the diagonal divisor.
It should also be observed that some of the constructions available in the literature are obtained
using generalized Beilinson spectral sequences coming from exceptional sequences which are not
strong, so these cases cannot be included as examples of Theorem 1.1. A systematic treatment for
them would require different techniques, which are beyond the scope of this paper.
4.1. P2. Let X = P2 with homogeneous coordinates [x0, x1, x2] and take C0 = ℓ∞ to be the line
x2 = 0.
This was the first example in which MfrX,C0(v) was constructed via linear data in [Nak99], building
on the previous works [Bar77, Don84]. Let us see how this is recovered in our framework: we have
a full strong exceptional collection
E = (E2, E1, E0) = (O(1), τP2 ,O(2))
where τP2 ≃ Ω
1
P2
(3) is the tangent sheaf. The associated bound quiver (Q, J) is
Q: 0 1 2
a1
a2
a3
b1
b2
b3
, J = (biaj + bjai, i, j = 1, 2, 3),
and under the isomorphism K0(X) ≃ K0(Q) induced by E, the class v is sent to the dimension
vector dv = (dv0 , d
v
1 , d
v
2) given by
d
v
0
dv1
dv2

 =

1 2 −13 3 −2
1 1 −1



 rk vdeg v
χ(v)


(see [Mai17, §5.1]). In this case the collection E does not consist of line bundles only, so we cannot
apply directly Theorem 1.1. However, the same conclusions hold, since the needed cohomological
vanishings apply:
Lemma 4.1. [Nak99, Lemma 2.3] If E ∈ CohO
P2
is a torsion-free sheaf trivial on C0, then
Hℓ(P2, E ⊗ E∨i ) = 0 for i = 0, 1, 2 and ℓ = 0, 2, so E ∈ K.
Proof. For i = 0, 2 the vanishings follow directly from Prop. 3.2, since 0 < D ·C0 < −KP2 ·C0 = 3
for D = H, 2H , and we can take L = O(H). For i = 1, we observe that the restriction of τP2 to
any line in P2 is isomorphic to OP1(2)⊕OP1(1) (see [OSS80, ch. 1, §2.2]), so the proof of Prop. 3.2
continues to work if at the end we replace O(−D) with τ∨
P2
, giving the desired vanishings. 
So the same conclusions of Theorem 1.1 apply, and we get a principal GL(r,C)-bundle MfrX,ℓ∞(v) ≃
[Pv/Gdv ]→ [Uv/Gdv ] ⊂MQ,J(d
v).
Remark 4.2. In fact, in this case one can also make Uv explicit and simplify this description
to prove that MfrP2,ℓ∞(v) ≃ [Pv/Gdv ] is isomorphic to the Nakajima quiver variety M0,−1(k, r)
associated to the Jordan quiver
◦ ,
where k := c2(v). See [Nak99, §2.1], [Gin09, §5.6].
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4.2. P1 × P1. Take X := P1 × P1 and let C0 := ∆ be the diagonal divisor (which is big and nef).
Recall that PicX = ZH ⊕ ZF , where H = {[1 : 0]} × P1 and F = P1 × {[1 : 0]}, the intersection
form is given by
H2 = F 2 = 0 , H · F = 1
and the canonical divisor is KX = −2H − 2F . We also denote
OX(a, b) := OX(aH + bF ) = OP1(a)⊠OP1(b) .
X has a full strong exceptional collection
E = (OX(1, 0),OX(1, 1),OX(2, 0),OX(2, 1))
which determines an equivalence Db(X) ≃ Db(Q; J), where (see [Mai17, §6])
Q:
1
0 2
3
b1
1
b1
2
a1
1
a1
2
a2
1
a2
2
b2
1
b2
2
, J = (b1i a
1
j + b
2
ja
2
i , i = 1, 2)
and, for v ∈ K0(X), the corresponding dimension vector d
v = (dv0 , d
v
1 , d
v
2, d
v
3) is

dv0
dv1
dv2
dv3

 =


1 1 2 −1
2 0 2 −1
1 1 1 −1
1 0 1 −1




rk v
c1(v)H
c1(v)F
χ(v)

 ,
where we wrote c1(v) = c1(v)H [H ] + c1(v)F [F ]. C0 and E satisfy all the hypotheses of Theorem
1.1, as L can be chosen to be OX(1, 0) and for all (a, b) ∈ {(1, 0), (1, 1), (2, 0), (2, 1)} we have
0 < (aH + bF ) ·∆ = a+ b < −KX ·∆ = 4 .
Remark 4.3. Another possibility would be to consider sheaves which are framed on the cross
C0 := H ∪ F : in this case we get all the required cohomological vanishings by applying Prop. 3.2
to H and F separately. Again, the conclusions of Theorem 1.1 hold, so we get as usual an open
embedding MtX,C0(v) ⊂MQ,J (d
v).
However, this case reduces to that of the previous subsection: the rational map P2 99K P1 × P1
sending [x0 : x1 : x2] to ([x0 : x2], [x1 : x2]) becomes an isomorphism after blowing up p1 = [1 : 0 : 0]
and p2 = [0 : 1 : 0] in P
2, and q = ([1 : 0], [1 : 0]) in P1 × P1, giving a diagram
Blp1,p2 P
2 ≃ Blq P
1 × P1
P
2
P
1 × P1
under which the divisors ℓ∞ ⊂ P
2 and C0 ⊂ P
1 × P1 are correspondent, so that MfrP1×P1,C0(v) ≃
MfrP2,ℓ∞(r, 0, χ) if v = (r, 0, 0, χ). In fact, it is not hard to describe the embedding M
t
X,C0
(v) ⊂
MQ,J(d
v) explicitly and recover from that the realization of the moduli space as a quiver variety
mentioned in Remark 4.2.
Appendix A. Principal bundles over stacks
In this Appendix we review the formalism on principal bundles on algebraic stacks as used in
the paper, essentially following [BMW12, §1].
Let X be an algebraic C-stack. To define a principal G-bundle over X we could mimic the
definition for schemes, i.e. by taking a representable morphism P→ X with a G-action on P which
after base-change to an atlas U → X becomes equivariantly isomorphic to the trivial G-space U×G.
However, we prefer to avoid dealing with G-actions on stacks and recover instead the morphism
P→ X from the following definition:
Definition A.1. A principal G-bundle over X is a morphism Φ : X→ BG.
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This means that Φ sends a family F ∈ X(S) to a principal G-bundle PF → S, and a Cartesian
morphism F : F ′ → F over f : S′ → S to a morphism
PF ′ PF
S′ S
Φ(F )
p
f
of principal G-bundles.
Remarks A.2.
(1) The principal G-bundles PF → S, together with the isomorphisms k
∗PF ≃ Pk∗F for any
morphism k : S′ → S, completely characterize Φ. In fact, it is enough to assign of such
bundles only for smooth atlases U → X to determine Φ (see [BMW12, §1.2]).
(2) If X is a scheme, Def. A.1 reduces to the usual one, as MOR(X,BG) ≃ BG(X) is the
category of principal G-bundles on X .
From a principal bundle Φ : X→ BG, we can canonically construct a new stack P:
Ob(P) = {(F , σ) | F ∈ X(S) , σ : S → PF section of Φ(F) = (PF → S)}
MorP((F
′, σ′), (F , σ)) = {F ∈ MorP(F
′,F) |Φ(F ) ◦ σ′ = σ ◦ f}
(where F is again a morphism over f : S′ → S), and we have the obvious forgetful functor P→ X.
Definition A.3. P, together with the morphism P→ X, is called the total space of the principal
G-bundle Φ : X→ BG.
Notice that in this paper we often call the morphism P→ X itself the “principal G-bundle”.
Example A.4. On a quotient stack [X/G] we have a canonical principal G-bundle, given by the
forgetful morphism [X/G] → BG. Its total space can be identified with the canonical morphism
X → [X/G].
Lemma A.5. Given a family F ∈ X(S) and its associated morphism αF : S → X, we have a
2-Cartesian diagram of stacks:
PF P
S X
p
αF
In particular, this shows that the morphism P → X is representable by schemes, it is smooth
of relative dimension dimG, and P is an algebraic C-stack.
Proof. Denote by p : PF → S the principal bundle Φ(F). First, recall (see e.g. [LMB00, 2.2.2])
that objects of S×XP over a scheme S
′ are triples (k, (F ′, ρ), G), where k : S′ → S is a morphism
of schemes, F ′ ∈ X(S′), ρ : S′ → PF ′ a section of the principal bundle Φ(F
′), and G : k∗F
≃
→ F ′
an isomorphism in X(S′). Second, note that a morphism f : S′ → PF determines a unique section
σ′ : S′ → P ′ of the pull-back bundle P ′ → S′ of PF → S under p ◦ f : S
′ → S, compatible with
the pull-back diagram. Using this notation, the equivalence PF ≃ S ×X P is given by the functor
PF −→ S ×X P
S′
f
→ PF 7−→ (p ◦ f, ((p ◦ f)
∗F , σ′), Id(p◦f)∗F)
S′1
h
→ S′2 7−→ (h, αF (h))
.

Finally, we focus on principal G-bundles on a quotient stack (we refer to [BMW12, §1.3] for
details): let X be a scheme with the action Γ y X of an algebraic group. Consider the quotient
[X/Γ] and take a principal G-bundle Φ : [X/Γ]→ BG over it.
First, the canonical atlas ν : X → [X/Γ] induces via Φ a principal G-bundle p : Pν → X . More-
over, this carries an action Γ  Pν making p Γ-equivariant, and this action completely determines
Φ . For any family in [X/Γ](S), which is a principal Γ-bundle Q → S with a Γ-equivariant map
f : Q→ X , we can take the pullback G-bundle Pν◦f → Q of p along f : this is also a Γ-equivariant
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G-bundle, and thus it descends via the Γ-bundle Q→ S to a principal G-bundle Pφ → S. Putting
all together, we have a 2-commutative diagram
Pν◦f Pν
Q X
Pφ
S [X/Γ]
∠
∠ p
f
p
ν
φ
where the squares are Cartesian, the vertical lines are principal Γ-bundles and the diagonal maps
are principal G-bundles. Moreover, in the above diagram we have 1-1 correspondences between
sections of Pφ → S, Γ-equivariant sections of Pν◦f → Q, and Γ-equivariant maps Q → Pν . Using
this fact it is easy to see that the total space of Φ can be identified with the morphism
[Pν/Γ] −→ [X/Γ]
induced by p.
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